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with initial orthotropy:
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Abstract

A micromechanics-based damage model able to describe the brittle response of initially anisotropic

materials is presented. A special emphasis is put on the account of damage-induced anisotropy and

unilateral behaviour related to microcracks closure effects. These both features clearly influence the

inelastic deformation of microcracked materials and lead to even more complex consequences in the

context of initial anisotropy. The aim of this work is then to derive a new strain-based formulation which

allows representing the related interactions between all these phenomena. This is achieved through a

recent two-dimensional energy-based micromechanical analysis that accounts for the fully anisotropic

multilinear response of orthotropic materials weakened by arbitrarily oriented microcracks. On the other

hand, the thermodynamics framework gives a standard procedure for the development of the damage

evolution law. Throughout the paper, attention is put on the mathematical and thermodynamical consist-

ency of the model to avoid difficulties usually associated to the simultaneous description of damage-

induced anisotropy and unilateral effects. In addition to elastic constants, the model requires the identi-

fication of only two parameters related to damage evolution. The model has been implemented within the

commercial finite-element code ABAQUS, and various numerical simulations are presented to illustrate

its capabilities. Especially, evolution of the material symmetry and influence of opening-closure states of

microcracks on the damage process are illustrated in the case of brittle matrix composites subjected to

different loading cases (axis and off-axis loads, tension and compression, tension followed by

compression).
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Introduction

The inelastic stress–strain response of brittle materials is governed by the existence and growth of
diffuse microcracking. At the macroscopic scale, this deterioration process leads to various complex
phenomena clearly identified during experimental tests such as elastic properties degradation, load-
induced anisotropy or microcracks opening-closure effects (Allix et al., 1993; Baste and Aristégui,
1998; Goidescu et al. 2013a; Homand et al., 2000; Morvan and Baste, 1998; Reinhardt, 1984).
Constitutive models able to describe such irreversible behaviour are generally formulated by
means of continuum damage mechanics (CDM; Krajcinovic, 1996; Murakami, 2012). Through
the definition of internal variables and irreversible thermodynamics framework, CDM provides
efficient macroscopic modelling tools for engineering analysis. Especially, strain-based formulation
offers the most suitable framework for finite-element implementation and numerical developments.

For initially isotropic materials (concrete, ceramics, some rocks, etc.), several CDM attempts
have been done to represent simultaneously the anisotropic damage due to oriented defects and the
unilateral behaviour related to microcracks opening-closure. Yet, two major difficulties arise in this
case: first, the mathematical and thermodynamical consistency of the formulations (Carol and
Willam, 1996; Chaboche, 1992; Cormery and Welemane, 2002) and then their physical background
(Chaboche, 1999; Welemane and Cormery, 2002). Regarding this last point, some authors suggest to
introduce micromechanical arguments to ensure a better physical justification to modelling choices
(Dragon and Halm, 2004; Krajcinovic, 1987, 2000). Especially, recovery effects related to micro-
cracks closure generally suffer of a lack of experimental characterization. Micromechanics provide
then an efficient alternative (let mention for instance strain-based models of Andrieux et al., 1986 in
2D context; Ju, 1990; Pensée et al., 2002; Welemane and Goidescu, 2010 in 3D case).

The description of all these damage features is even more complex for initially anisotropic mater-
ials such as fiber-reinforced composites or sedimentary rocks. It is worth noting that addressing the
interaction between primary anisotropy and damage-induced one is itself a difficult task (see for
instance Cazacu et al., 2007; Feltman and Santare, 1999; Monchiet et al., 2012; Thionnet and
Martin, 2006; Wang et al., 2009). The additional representation of damage activation–deactivation
effects is then most often restricted to damage in some specific directions: either the material prin-
cipal axes (Chaboche et al., 1995; Thionnet and Renard, 1999), or the principal directions of a
tensorial quantity such as damage variable or compliance tensor (Desmorat, 2000; Halm et al., 2002;
Ladevéze, 1993; Maire and Lesne, 1998). Moreover, existing formulations generally exhibit same
above-mentioned inconsistencies, in particular the physical motivation of deactivation representa-
tion. Only few publications tried to improve them through some micromechanical analyses (see
works on composite materials of Allen et al., 1987; Chaboche and Maire, 2002; Talreja, 1985,
1991; Thionnet and Renard, 1999).

Recently, the homogenization-based approach initially proposed by Andrieux et al. (1986) for
isotropic media has been extended to the anisotropic context (Goidescu et al., 2013b). Under the
assumptions of non-interacting frictionless microcracks in dilute concentration, such procedure has
led to the closed-form expression of the macroscopic free energy corresponding to two-dimensional
(2D) initially orthotropic media weakened by open or closed microcracks with arbitrary orientation.
Results provide then a clear quantification of interactions between primary and damage-induced
anisotropies and activation–deactivation effects for a fixed density of microcracks. Combined effects
of these phenomena have been clearly illustrated on the elastic properties of ceramic composites.

Such study provides the fundamental basis of the anisotropic unilateral damage model for ini-
tially orthotropic materials proposed in this paper. Our original CDM approach is indeed based on
the free energy derived by this micromechanical procedure and evolving damage is described by
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means of standard arguments. Basically, the model constitutes an extension to the case of initially
orthotropic materials of a previous approach proposed by Andrieux et al. (1986). One of the main
contributions of this micromechanically based model is to account for the complex growth of
distributed damage with the combined influence of initial anisotropy and unilateral effects.
Indeed, microcracks orientations are driven both by the load direction and type (tension or com-
pression leading to open or close defects) and also by initial anisotropy but not restricted to the
structural axes. Moreover, special attention has been paid to the rigorous formulation of the con-
stitutive law with respect to continuity conditions and thermodynamic principles. It must be empha-
sized that such a general energy-based formulation developed within a proper and
micromechanically justified framework has not been proposed before. It constitutes also an inter-
esting first step to address more complex situations including interactions between defects or dissi-
pative sliding-based behaviour.

The paper is organized as follows. First, we provide the general background and results of the
micromechanical analysis exposed by Goidescu et al. (2013b). Then, the following section is dedi-
cated to the complete formulation of the anisotropic damage model, including especially the damage
evolution law; some information regarding the numerical integration scheme are also exposed. We
finally analyse and discuss in the last part the interaction between primary and microcracks-induced
anisotropies on the axis and off-axis responses of composites under tensile and compressive
loads. These numerical applications will demonstrate the modelling capabilities of this new consti-
tutive law.

Micromechanics of a 2D microcracked orthotropic medium

In this part, we recall the main assumptions and results of the homogenization study detailed in
Goidescu et al. (2013b). This 2D analysis is based on the approach proposed by Andrieux et al.
(1986) and leads to closed-form expressions of the macroscopic free energy of a 2D orthotropic
elastic medium weakened by arbitrarily oriented microcracks. The later are assumed open or fric-
tionless closed, non-interacting and in dilute concentration. Small perturbations assumption, rate
independent and isothermal conditions are considered in the whole study.

Representative elementary volume

Consider a representative elementary volume (REV) occupying a cell area A and having a boundary
denoted @A (Figure 1). This REV is made up of an orthotropic linear elastic matrix with symmetry

Figure 1. Representative elementary volume in the 2D case.
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axes corresponding to the orthonormal basis ðe1, e2Þ. The stiffness tensor of the virgin matrix is
denoted C

0 and reads

C
0
¼ a1I� Iþ a2I� Iþ a3A� Aþ a4 A� Iþ I� Að Þ ð1Þ

Tensor products of two second-order tensors a ¼ ðaijÞ and b ¼ ðbijÞ are defined by

½a� b�ijkl ¼ aijbkl ½a� b�ijkl ¼
1

2
ðaikbjl þ ailbjkÞ ð2Þ

where I denotes the second-order unit tensor, structural fabric tensor A ¼ e1 � e1 characterizes the
initial orthotropy and parameters aif gi¼1,4 are constant coefficients that can be related to engineering
moduli in the orthotropic axes

a1 ¼
E2

1� �12�21
� 2G12, a2 ¼ 2G12,

a3 ¼
ð1� 2�21ÞE1 þ E2

1� �12�21
� 4G12, a4 ¼

E2ð�12 � 1Þ

1� �12�21
þ 2G12

ð3Þ

with Young moduli E1 and E2 related, respectively, to e1 and e2, Poisson ratios �12 and �21, and shear
modulus G12 in the ðe1, e2Þ plane.

This matrix is weakened by an array of N families of flat microcracks with arbitrary orienta-
tion relative to orthotropic axes. Microcracks of the ith family are characterized by their unit nor-
mal vector ni, mean length 2li and number N i per unit surface; !þi (respectively, !�i ) designates
their upper face (respectively, the lower face) and !i ¼ !

þ
i [;!�i corresponds to the domain

occupied by these cracks. We denote by uðxÞ½ �½ �i¼ uðx 2 !þi Þ � uðx 2 !�i Þ the displacement jump
between the two faces !þi and !�i for any point x 2 !i. Classical unilateral conditions are taken
into account

unðxÞ½ �½ �i¼ uðxÞ½ �½ �i � ni � 0

ni � rðxÞ � ni � 0, 8ni

unðxÞ½ �½ �i ðni � rðxÞ � niÞ ¼ 0

8>>><
>>>:

ð4Þ

where r is the local equilibrated stress field within the REV.
Finally, uniform stress boundary conditions are considered on the boundary in order to take

advantage of fracture-mechanics based solutions, that is on any point x of @A with outward unit
normal v

rðxÞ � vðxÞ ¼ D � vðxÞ ð5Þ

where D denotes the macroscopic stress tensor.
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Homogenization procedure

In addition to the assumption of a dilute concentration of microcracks, derivation of the thermo-
dynamic potential W (free energy function of macroscopic strain E) results essentially from the
following important modelling considerations:

. the decomposition of the elementary problem P (for a single microcracks family with normal n)
introduced by Andrieux et al. (1986): on the one hand, the homogeneous orthotropic material
Pð1Þ subjected to boundary conditions and, on the other hand, the self-equilibrated fields Pð2Þ

induced by the displacement jump u½ �½ � between the crack faces (see Figure 2); this leads to the
expression of the overall free energy as function of two scalar kinematic variables
� ¼ N

R
!þ unðxÞ½ �½ �dx and � ¼ N

R
!þ utðxÞ½ �½ �dx, respectively, related to the normal and tangential

average displacement jumps on the crack faces; such decomposition is crucial for the represen-
tation of unilateral effects since the microcracks contribution can be distinguished whether they
are open (�4 0) or closed (� ¼ 0);

. the application of the Hill lemma (Christensen, 1979; Hashin, 1983; Hill, 1965) in the context of
cracked bodies (Telega, 1990); this question is of main importance for closed microcracks within
anisotropic materials since W cannot be reduced in the general case to the macroscopic elastic
energy 1

2D : E; indeed, for non-cubic (and obviously non-isotropic) symmetry of the matrix or
when microcracks are not parallel to the orthotropic axes, tangential displacement discontinuity
induces some non-negligible gap in the energy expression (Goidescu et al, 2013b);

. the introduction of basic solutions of anisotropic elasticity theory to derive expressions of the
crack displacement jumps (Horii and Nemat-Nasser, 1983; Lekhnitskii, 1963; Mauge and
Kachanov, 1994; Tsukrov and Kachanov, 2000); in particular, the initial anisotropy may
induce a direct coupling between the normal and tangential cracking modes, especially again
when the crack orientation does not coincide with the orthotropy axes;

. similar to Andrieux et al. (1986), the analysis of reversible conditions finally provides the expres-
sion of the kinematic variables as functions of the macroscopic strain E and of the widely used
crack density parameter d ¼ N l2 (Budiansky and O’Connel, 1976).

Figure 2. Decomposition of the considered homogenization problem.
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Free energy of the microcracked material

According to these points, Goidescu et al. (2013b) obtain the following closed-form expression of
the overall free energy of the microcraked medium

W ¼W0 þ
X
i¼1

N

di

c
ðiÞ
1 tr

2Eþ c
ðiÞ
2 tr

2ðE � AÞ þ c
ðiÞ
3 trEtrðE � AÞ

þc
ðiÞ
4 tr

2ðE � ni � niÞ þ c
ðiÞ
5 trEtr ðE � ni � niÞ

þc
ðiÞ
6 trðE � E � ni � niÞ

þc
ðiÞ
7 trEtr ðE � ni � ni � AÞ þ c

ðiÞ
8 tr ðE � AÞtr ðE � ni � niÞ

þc
ðiÞ
9 tr ðE � AÞtr ðE � ni � ni � AÞ

þc
ðiÞ
10tr ðE � ni � niÞtr ðE � ni � ni � AÞ

2
66666666666666664

3
77777777777777775

ð6Þ

with W0 the free energy of the virgin material

W0 ¼
1

2
;E : C

0 : E ¼
a1
2
tr2 Eþ

a2
2
tr ðE � EÞ þ

a3
2
tr2ðE � AÞ þ a4trEtr ðE � AÞ ð7Þ

and cðiÞp

n o
p¼1,10

scalar coefficients that explicitly depend on the virgin properties (that is on the four

engineering moduli) and on the microcracks orientation with respect to orthotropy (see Appendix 1).
Generally speaking, the functionW is positively homogeneous of degree two with respect to E, linear

in the crack density vector d ¼ dið Þi¼1,N (di ¼ N il
2
i , the density of each family of parallel microcracks

with mean length 2li and number N i per unit surface) and radially symmetric with respect to ni. The
potential (6) depends on trace invariants which ensure its objectivity. The fact that the expression is
not the most general one according to the theory of invariants (see for instance, recent works of
Thionnet and Martin, 2006) must be viewed as a positive and a decisive contribution of microme-
chanics which allows then to define qualitatively (i.e. necessary invariants) and quantitatively (i.e.
coefficients expression) the thermodynamic potential corresponding to the considered materials
microstructure.

Orientational aspects are explicitly introduced by means of coupled invariants of tensor A

(describing the primary orthotropy of the matrix) and normals ni to the cracks (accounting for
the microcracks-induced anisotropy). As discussed in Goidescu et al. (2013b), various interaction
modes between anisotropies are possibly addressed by this way: an isotropic-like coupling that
preserves the initial orthotropy of the material, together with an anisotropic coupling leading to a
complex resulting symmetry if microcracks orientation differs from orthotropic axes. As an illus-
tration, Figure 3 provides the distribution of the elongation modulus LðmÞ (m a unit vector) of a 2D
SiC–SiC composite studied by Aubard (1995) and weakened by a single set of parallel microcracks.
Engineering constants in the orthotropic axes are E1 ¼ 320 GPa, E2 ¼ 170 GPa, �12 ¼ 0:18 and
G12 ¼ 90 GPa. This figure illustrates two orientation cases for the defects unit normal n. When
microcracking stands along symmetry axes (n ¼ e2 in Figure 3a), damage induces an orthotropic
degradation of properties in the same axes of the virgin material (isotropic-like coupling); on the
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contrary, an off-axis damage (n 6¼ e1, e2f g in Figure 3b) leads to a complex resulting anisotropy,
governed both by the initial orthotropy and by the orientation of the defects.

Regarding the damage contribution, the main originality of the energy expression (6) is to

account for both open and closed microcracks. Indeed, coefficients cðiÞp

n o
p¼1,10

take a different

value according to the status of the ith family of microcracks (see details in Appendix 1):

. cðiÞp ðC
0, ni,AÞ

n o
p¼1,10
¼ copenp ðC

0, ni,AÞ
n o

p¼1,10
in their open state, that is when gðE, ni,AÞ4 0

(equations 25),

. cðiÞp ðC
0, ni,AÞ

n o
p¼1,10
¼ cclosp ðC

0, ni,AÞ
n o

p¼1,10
in their closed state, that is when gðE, ni,AÞ � 0

(equations 26).

Function g, that corresponds here to the opening-closure characteristic function, derives from the
cancellation of the normal jump displacement at the closure of microcraks (� ¼ 0)

gðE, ni,AÞ ¼ �
ðiÞ
1 tr ðE � ni � niÞ þ �

ðiÞ
2 trEþ �

ðiÞ
3 tr ðE � AÞ þ �

ðiÞ
4 tr ðE � ni � ni � AÞ ð8Þ

with coefficients �ðiÞp

n o
p¼1,4

depending also on the virgin properties and on the microcracks orientation

with respect to orthotropy (Appendix 1). Interaction between initial and induced anisotropies affects
then both the kind of resulting material symmetry and also the microcracks opening/closure status for
a given strain state E (due to coupling terms of A and ni in (6) and (8)). Through the different value of

coefficients cðiÞp

n o
p¼1,10

, the status of microcracks influences subsequently the degradation intensity.

Generally speaking, one notes some recovery of the degraded properties at the closure of microcracks.

(a)

(b)

Figure 3. Roses of the generalized elongation modulus LðmÞ (GPa) of a SiC–SiC composite weakened by a single

array of microcracks of unit normal n and density d ¼ 0:1. (a) (e1, n)¼�/2 and (b) (e1, n)¼�/6. - - -: virgin material;

—–: open state of microcracks, ——: closed state of microcracks.
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As shown in Figure 3, we clearly observe a total recovery to its initial value of the elongation modulus
in the direction normal to cracks LðnÞ when cracks orientation coincides with the orthotropic axes.
The off-axis case is muchmore complex with amajor recovery for directionsm close to the normal n to
the defects (see also complementary analyses of Goidescu et al., 2013b).

To conclude on this part, some important points need to be underlined regarding this
formulation:

. its mathematical admissibility: we should emphasize the fact that the free energy function (6)
obtained here is continuously differentiable; indeed, the quadratic form of the stiffness jump at
the opening-closure transition satisfies in all cases the continuity conditions established by
Curnier et al. (1995) and Cormery and Welemane (2010); compared to existing formulations
mostly affected by inconsistencies regarding that point, this is a very remarkable aspect;

. its micromechanics background that provides a physical basis to the formulation: an outstanding
example is the definition of the opening-closure criterion that comes from the description of jump
displacements at the defects scale; accordingly, this leads to a much more general expression than
the phenomenological criterion n � E � n ¼ 0 classically used in the literature and restricted to the
normal strain (for instance, Halm et al., 2002; Maire and Chaboche, 1997); we can note also that
the recovery phenomenon at the closure of microcracks is quite complex, micromechanics offers
then a relevant help for its description (Welemane and Cormery, 2002, 2003);

. its general and open nature: indeed, the formulation (6) fully contains the isotropic case (for
which a3 ¼ a4 ¼ 0) obtained previously by Andrieux et al. (1986); it can also be applied for any
2D initially orthotropic material (see for instance application on a sedimentary rock by Levasseur
et al., 2013).

Model formulation

Based on the recalled micromechanical background, we now intend to derive the new model for
anisotropic damage in 2D initially orthotropic materials coupled with unilateral effects. Considering
a single dissipative mechanism, namely the growth of frictionless and non-interacting microcracks,
this strain-based formulation is developed within the thermodynamics framework for irreversible
processes.

Damage variables

In relation with the previous homogenization approach, the model uses a discrete damage repre-
sentation based on a set of scalar variables d ¼ dið Þi¼1,N (microcracks density parameter) associated
to a finite number of microcracks systems. Contrary to existing formulations that consider distinct
damage parameters for open and for closed microcracks (see for instance, Ladevéze et al., 1994), the
set of internal variables is here simply related to the extent (density) of microcracks whatever their
status. Regarding the microcracks systems, their number N and orientations constitute basic data of
the model. Under complex loading paths, an important number of microcracks systems can be
activated. In this paper, we have considered N¼ 60 families exhibiting a uniform orientational
distribution described on Figure 4

ðni, niþ1Þ ¼
�

N
, 8i 2 1,N½ � ð9Þ

320 International Journal of Damage Mechanics 24(3)



This choice is made in order to provide a reasonable determination of the damage density distri-
bution (there is a system each 3

�

). Yet, a continuous damage representation would require either an
infinite number of systems or a reduced number of equivalent systems based on Gauss type numer-
ical integration (Bazant and Oh, 1986; Carol et al., 1992). In the latter case, the approach would then
become an ‘integrated discrete’ damage representation one. Regarding the definition of equivalent
systems, some works exist for isotropic materials (Bargellini et al., 2007; Zhu, 2006), but the question
remains still open for initially anisotropic materials, in particular when microcracks closure effects
are taken into account.

State laws

The continuity of class C1 of the free energy ensures the existence and continuity C0 of the partial

derivatives of W, namely the macroscopic stress D ¼
@W

@E
and the thermodynamic forces Fdi ¼ �

@W

@di
for every i 2 1,N½ � associated to the microcracks systems

DðE, dÞ ¼ a1 ðtrEÞIþ a2Eþ 2a3 trðE � AÞAþ a4 trðE � AÞIþ ðtrEÞA½ �

þ
X
i¼1

N

di

2c
ðiÞ
1 ðtrEÞIþ 2c

ðiÞ
2 trðE � AÞA

þc
ðiÞ
3 trðE � AÞIþ ðtrEÞA½ �

þ2c
ðiÞ
4 trðE � ni � niÞni � ni

þc
ðiÞ
5 trðE � ni � niÞIþ ðtrEÞni � ni½ �

þc
ðiÞ
6 E � ni � ni þ ni � ni � Eð Þ

þc
ðiÞ
7

trðE � ni � ni � AÞI

þ 1
2 ðtrEÞ ni � ni � Aþ A � ni � nið Þ

" #

þc
ðiÞ
8 trðE � ni � niÞAþ trðE � AÞni � ni½ �

þc
ðiÞ
9

trðE � ni � ni � AÞA

þ 1
2 trðE � AÞ ni � ni � Aþ A � ni � nið Þ

" #

þc
ðiÞ
10

trðE � ni � ni � AÞni � ni

þ 1
2 trðE � ni � niÞ ni � ni � Aþ A � ni � nið Þ

" #

2
6666666666666666666666666666664

3
7777777777777777777777777777775

ð10Þ

Figure 4. Spatial orientation distribution of the sets of parallel microcracks.
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and

Fdi ðE, dÞ ¼ �

c
ðiÞ
1 tr

2Eþ c
ðiÞ
2 tr

2ðE � AÞ þ c
ðiÞ
3 trEtrðE � AÞ

þc
ðiÞ
4 tr

2ðE � ni � niÞ þ c
ðiÞ
5 trEtrðE � ni � niÞ

þc
ðiÞ
6 trðE � E � ni � niÞ

þc
ðiÞ
7 trEtrðE � ni � ni � AÞ

þc
ðiÞ
8 trðE � AÞtrðE � ni � niÞ

þc
ðiÞ
9 trðE � AÞtrðE � ni � ni � AÞ

þc
ðiÞ
10trðE � ni � niÞtrðE � ni � ni � AÞ

2
6666666666666664

3
7777777777777775

ð11Þ

These state laws are then clearly affected by the opening-closure status of microcracks through coef-

ficients cðiÞp

n o
p¼1,10

, while remaining continuous at the microcrack activation–deactivation point. The

derivation of the macroscopic stress (10) gives also rise to the overall stiffness tensor C ¼ @D
@E

C ¼ C
0
þ
X
i¼1

N

di

2c
ðiÞ
1 I� Iþ 2c

ðiÞ
2 A� Aþ c

ðiÞ
3 I� Aþ A� Ið Þ

þ2c
ðiÞ
4 ni � ni � ni � ni þ c

ðiÞ
5 I� ni � ni þ ni � ni � Ið Þ

þc
ðiÞ
6 I� ni � ni þ ni � ni� I
� �

þ
c
ðiÞ
7

2
ni � ni � Aþ A � ni � nið Þ � Iþ I� ni � ni � Aþ A � ni � nið Þ½ �

þc
ðiÞ
8 ni � ni � Aþ A� ni � nið Þ

þ
c
ðiÞ
9

2

ni � ni � Aþ A � ni � nið Þ � A

þA� ni � ni � Aþ A � ni � nið Þ

" #

þ
c
ðiÞ
10

2

ni � ni � Aþ A � ni � nið Þ � ni � ni

þni � ni � ni � ni � Aþ A � ni � nið Þ

" #

2
66666666666666666666664

3
77777777777777777777775

ð12Þ

According to the specific unilateral behaviour of microcracks, this fourth-order tensor is defined on
the strict domain of opening and closure of the defects S ¼ ðE, dÞ, gðE, ni,AÞ 6¼ 0, 8 i 2 1,N½ �

� �
.

Damage evolution law

If ductile damage models (such as Gurson, 1977 for instance) justify also their evolution laws from
micromechanical analyses, this option cannot be used for the moment regarding microcracking
phenomena. Accordingly, the evolution process is described here through classical thermodynamical
arguments.

Since orientations ni are fixed, we assume that microcracks can only propagate along their plane.
This clearly simplifies the numerical implementation of the model, while allowing the representation
of complex damage developments owing to the consideration of an important number N of systems.
Indeed, the model can account for the creation and growth of microcracks not guided by the

322 International Journal of Damage Mechanics 24(3)



microstructure (when ni 6¼ ðe1, e2Þ) induced by off-axis loads and also for consequences of branching
phenomena by activating several appropriate systems. Damage growth is also supposed to be pro-
gressive and rate independent. In agreement with the dilute scheme used before, the damage evolu-
tion law of all microcracks families exhibits the same form but remains independent for each system.

More precisely, the framework of generalized standard materials is chosen to ensure in all cases
the satisfaction of the second principle of thermodynamics (Germain et al., 1983; Marigo, 1981). We
postulate the existence of a scalar dissipation potential D in the form

Dð _di, diÞ ¼ GðdiÞ _di ð13Þ

with G a strictly positive scalar function that can be related to the surface energy of the Fracture
Mechanics. An affine expression suggested by Marigo (1985) is considered here for this function

GðdiÞ ¼ k0ð1þ �diÞ ð14Þ

where k0 and � are two strictly positive scalar coefficients depending on the material. The intrinsic
dissipation �i ¼ Fdi _di ¼ Dð _di, diÞ of the ith microcracks system is then proportional to the rate of the
density _di and increases with the value of di. Again, in the present dilute case, the global intrinsic
dissipation � is obtained by the summation of the individual contributions of all the microcracks

systems, � ¼
P

i¼1

N

�i.

Combining (13) with the normality rule provides first the damage criterion written in the thermo-
dynamic forces space

f ðFdi , diÞ ¼ Fdi � GðdiÞ ð15Þ

associated with the reversibility convex domain

CiðdiÞ ¼ Fdi , f ðFdi , diÞ � 0
� �

ð16Þ

for the ith family of microcracks. Since Fdi depends on the opening-closure status of the defects, the
criterion (15) and the domain Ci are different whether this system is opened or closed. For a number
N of microcracks, note that the global reversibility domain C of the material is given by the inter-

section of indidual ones, CðdÞ ¼ \i¼1
N
CðdiÞ.

Regarding the evolution law, one gets

_di ¼ �i
@f

@Fdi
¼ �i

�i ¼ 0, if f ðFdi , diÞ � 0, _f ðFdi , diÞ5 0
�i 4 0, if f ðFdi , diÞ ¼ 0, _f ðFdi , diÞ ¼ 0

8>><
>>: , 8i 2 1,N½ � ð17Þ

From the classical Kuhn–Tucker condition _f ðFdi , diÞ ¼ 0 and equations (14) and (15), the damage
multiplier �i reads

�i ¼
_Fdi

k0�

� �þ
¼

1

k0�

@Fdi

@E

� 	
: _E

� �þ
, 8i 2 1,N½ � ð18Þ

with xþ ¼ sup 0,xf g and
@Fdi

@E
defined on the domain S.
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The rate form of the damage model can be deduced from

_DðE, dÞ ¼ _CðE, dÞ : Eþ CðE, dÞ : _E

¼
@C

@E
ðE, dÞ : _Eþ

X
i¼1

N @C

@di
ðE, dÞ _di

 !
: Eþ CðE, dÞ : _E

ð19Þ

Yet, tensor C depends on the opening-closure effects through cðiÞp

n o
p¼1,10

that take different values

for open or closed microcracks. The derivative appearing in equation (19) is then not straightfor-

ward and can only be expressed in a closed-form for evolution processes that keep the microcracks

status (either open or closed). In this case, we obtain

_D ¼ LðE, dÞ : _E ð20Þ

since

@C

@di
: E ¼ �

@Fdi

@E
, 8i 2 1,N½ � ð21Þ

The tangent operator LðE, dÞ is defined on the domain S with the following expression

LðE, dÞ ¼

CðE, dÞ, if f ðFdi , diÞ � 0, _f ðFdi , diÞ5 0

CðE, dÞ �
1

k0�

X
i¼1

N @Fdi

@E
�
@Fdi

@E
, if f ðFdi , diÞ ¼ 0, _f ðFdi , diÞ ¼ 0

8><
>:

9>=
>; ð22Þ

Such fourth-order operator exhibits then the same symmetry as the elastic stiffness tensor.

Computational aspects and numerical implementation

The previous constitutive law has been implemented within the finite-element software ABAQUS
standard by means of the user subroutine UMAT. The incremental procedure is based on a classical
strain discretization of the loading path associated with a prediction-correction integration scheme.
From the macroscopic strain Er and damage variables dr ¼ d r

i

� �
i¼1,N

at the time r and knowing the
strain Erþ1 ¼ Er þ�E at the time rþ 1, the local integration procedure follows two steps:

(1) Elastic prediction: we check that FdiðErþ1Þ 2 Ciðd
r
i Þ, 8; i 2 1,N½ �; if yes, one has drþ1 ¼ dr;

(2) Damage correction: otherwise, that is 9 j 2 1,N½ �, ;FdjðErþ1Þ =2Cj ðd
r
j Þ, the density increase

�dj ¼ d rþ1
j � d r

j is provided by the condition f ðFd jðErþ1Þ, drþ1
j Þ ¼ 0; contrary to elasto-plastic

behaviour, such result can be obtained directly due to the form (15), namely

�dj ¼
f ðFdj ðErþ1Þ, d r

j Þ

k0�
ð23Þ

From that, all damage variables can be updated drþ1 ¼ dr þ�d with �d ¼ �dið Þi¼1,N. Note also that
we have added some output data in order to know the opening-closure status of each family, and
this will be illustrated in the results part.
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Analysis of the predictive ability of the formulation

In this section, the proposed model will be used to simulate some classical loading paths on the
brittle SiC–SiC material studied in ‘Free energy of the microcracked material’ section. In addition to
the four elastic constants (E1, E2, �12, G12) in the initial orthotropy axes ðe1, e2Þ, the model requires
the identification of two constants (k0, �) involved in the description of the dissipative mechanisms.
The latter may be determined from tensile tests along the principal directions of orthotropy: k0 is

Figure 6. Axial stress–strain responses for uniaxial loads (tension and compression) and for axis (full line: � ¼ 0
�

,

y ¼ e2) and off-axis cases (dashed line: � ¼ 45
�

).

Figure 5. Numerical model (l ¼ 12:5 mm, L ¼ 250 mm).
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linked to the initiation of microcracks in the direction orthogonal to the load and n is calibrated to
capture the non-linearity of the axial stress–strain response (Goidescu, 2011). The following values
are obtained from tests of Aubard (1995): k0 ¼ 0:008 MPa, � ¼ 70, 000.

In what follows, uniaxial loads along direction of unit vector y are presented, either under tensile
or compressive load, and for axis (� ¼ ðx, e1Þ ¼ ðy, e2Þ ¼ 0�) and off-axis cases (� 6¼ 0�). For finite
element simulations, we have used a 2D plane stress model with structured mesh (50 QUAD CPS4

Figure 7. Evolution of effective Young moduli EðxÞ and EðyÞ according to the axial load D ¼ �yy y� y (full line:

tensile tests, �yy 4 0; dashed line: compression tests, �yy 5 0).
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elements); geometry, boundary conditions and loads (applied axial displacements) are provided
in Figure 5.

First of all, the model is able to capture the damage-induced irreversible behaviour, both under
tensile and compressive loads. The axial stress–strain response �yy � Eyy of the studied composite is
provided in Figure 6. It exhibits from a given stage a non-linear part related to the degradation of
elastic properties that depends both on the loading orientation (due to the interaction between

Figure 8. Evolution of effective Poisson ratio �ðx,yÞ and shear modulus Gðx,yÞ according to the axial load

D ¼ �yy y� y (full line: tensile tests, �yy 4 0; dashed line: compression tests, �yy 5 0).
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induced and initial anisotropies) and on the tensile or compressive nature of the load (due to the
unilateral effects).

These consequences are also corroborated by the evolution of elastic properties with the load.
Figures 7 and 8 show the effective elastic properties of the material, namely the Young moduli EðxÞ
and EðyÞ related, respectively, to directions of unit vectors x and y and the Poisson ratio �ðx, yÞ and
shear modulus Gðx, yÞ related to plane ðx, yÞ defined by (Hayes, 1972)

EðxÞ ¼ x� x : C
�1 : x� x


 ��1
, EðyÞ ¼ y� y : C

�1 : y� y

 ��1

�ðx, yÞ ¼ EðxÞ x� x : C
�1 : y� y


 �
, Gðx, yÞ ¼ 4; x� y : C

�1 : x� y

 ��1 ð24Þ

Figure 9. Roses of the density distribution in the frame ðx,yÞ for tensile tests D ¼ �yy y� y (�yy 4 0) and two

loading directions �. (a) �¼ 0� and (b) �¼ 45�.
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Regarding the tension case for � ¼ 0�, we note that Young modulus EðyÞ and Poisson ratio �ðx, yÞ
are the most degraded property (for EðyÞ, almost –30% relative to its initial value at the end of the
load). This stands directly in agreement with the anisotropic development of microcracking shown
on the roses of the density distribution (Figure 9a). In this situation, decohesion surfaces are mainly
oriented in the direction orthogonal to the loading direction y and preserve the initial orthotropy of
the material. For tension at � ¼ 45�, the density extent is less important and the maximum increase
of density occurs at around �15� from axis y (Figure 9b). Yet, Young modulus EðyÞ and shear
modulus Gðx, yÞ are degraded by almost the same way, while moduli EðxÞ and �ðx, yÞ are less affected
than for � ¼ 0�. These results demonstrate the specificity of anisotropy compared to isotropic case

Figure 10. Roses of the density distribution in the frame ðx,yÞ for compression tests D ¼ �yy y� y (�yy 5 0) and

two loading directions �. (a) �¼ 0� and (b) �¼ 45�.
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(see Welemane and Cormery, 2002) and illustrate the complex interactions between initial anisot-
ropy and microcracks contributions.

For compression cases, we note a major growth of microcracks at around 	42� to y for � ¼ 0�

(Figure 10a) and at around �57� to y for � ¼ 45� (Figure 10b). Again, resulting elastic behaviour is
quite different from isotropic case, as shown by the evolutions of Young moduli EðxÞ and EðyÞ. Also,
damage influence for compression loads is mainly visible on Poisson ratio �ðx, yÞ that increases of
almost þ100% for � ¼ 45�. Note finally that, for both tension and compression off-axis loads, the
density distribution induces non-zero values of components Cxxxy and Cxyyy of the stiffness tensor,
which confirms the loss of the initial orthotropic symmetry of the material.

(a)

(b)

Figure 11. Opening-closure domains of microcracks for a SiC–SiC composite in the strain space ðExx , EyyÞ for two

loading directions; loading paths for tension (full line) and compression (dashed line) tests are also represented. (a)

�¼ 0� and (b) �¼ 45�.
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It is also interesting to compare the tensile and compressive responses for a given loading orien-
tation �. From a general point of view, the model is able to represent the dissymmetric response
between tension and compression (Figure 6) and the different impact of these loads on elastic
properties (the best illustration might be the Poisson ratio �ðx, yÞ that decreases in tension and
increases in compression, Figure 8). These features result solely from the account of opening-closure
effects, from one single set of damages variables d and without any tensorial decomposition. In both
loading orientations considered (� ¼ 0� and � ¼ 45�), all systems are open during tension
(Figure 11). Regarding the compression case, microcracks initiated by the load are first all closed

(a)

(b)

Figure 12. Uniaxial tension load followed by compression for axis (full line: � ¼ 0
�

) and off-axis cases (dashed line:

� ¼ 45
�

): (a) axial stress–strain responses, (b) evolution of the effective Young modulus EðyÞ according to the axial

load D ¼ �yy y� y.
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and then come progressively to a mixed situation (some get open and some remain closed). Precisely,
microcracks that get open during compression are more or less parallel to the load:

. for � ¼ 0�, microcracks with normal n such that ðx, nÞ 2 �12�, 12�½ � are open at the end of the
load; due to the density distribution, the opening-closure distribution here remains then
orthotropic;

. on the contrary for � ¼ 45�, microcracks with normal n such that ðx, nÞ 2 �27�, 6�½ � are open at
the end of the load; the deviation results from the complex influence of the initial anisotropy in
the opening-closure criterion (8).

In addition to the density distribution, this different opening-closure state between these two con-
figurations also explains the differences in the elastic properties evolution in compression shown in
Figures 7 and 8.

To highlight again the impact of unilateral effects in such anisotropic context, simulation of an
uniaxial tension load followed by compression has been performed; axis and off-axis configurations
have been considered. In both cases, one can clearly see on the axial stress–strain response
�yy � Eyy, the recovery phenomenon at the closure of microcracks when compression load begins
(Figure 12a). The evolution of the effective Young modulus EðyÞ illustrates even better the different
stages of this test (Figure 12b):

. from some threshold, the progressive degradation of EðyÞ due to tension loading,

. during unloading, the constant value of EðyÞ that keeps the minimum value induced at the end of
tension load,

. the discontinuity when load gets into the compression part and the elastic property recovery
associated to the closure of some microcracks; relative to the initial value of EðyÞ, the damage
deactivation is partial, especially because some microcracks remain open (mixed state of opening-
closure),

. then, from a given stage, the progressive degradation of EðyÞ again due to compressive load.

Concluding remarks

A fully constitutive damage model for 2D initially orthotropic materials has been formulated in the
framework of CDM. Based on a mathematical and rigorous thermodynamic framework, the for-
mulation derives also from the micromechanical analysis of anisotropic microcracked media. The
use of such homogenization procedure has notably clarified some difficult questions such as the
influence of arbitrary orientation and closure effects of microcracks on the material response and
damage evolution. The damage model leads to very encouraging results for the formulation of the
composite materials behaviour. It accounts in a simple way for some essential characteristics of these
materials, particularly the non-linearity of the response, the interaction between the initial and
induced anisotropy and unilateral effects. By this way, one can represent the dependence of com-
posites behaviour on the loading, both on its orientation (on/off axes loads) and on its nature
(tension/compression).

If the first results presented here assess the modelling approach, it is nevertheless appropriate in
the future to deepen this validation work against experimental results. To this end, some issues
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remain to be addressed such as the weak non-linearity or the fact that the yield stress is slightly
affected by the loading orientation. Further work need then to be done to complement this basic
formulation. According to the composite materials, different alternatives could be studied. As an
example, previous aspects could be clearly improved by the coupling with plasticity (Zhu et al.,
2008), interactions between defects (in relation with recent works of Monchiet et al., 2012) or sliding
of microcracks with friction (Pensée, 2002; Zhu et al., 2011). Regarding the latter option, one of the
main advantages of the model is to have an access to the status of each microcracks system; there-
fore, it provides a very appropriate framework for the consideration of this supplementary dissipa-
tive mechanism on the closed microcracks lips.
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Appendix 1. Expression of coefficients

Coefficients cpðC
0, n,AÞ

� �
p¼1,10

entering the free energy (6) take the following expressions according
to the microcracks status:

. if cracks are open (gðE, n,AÞ4 0), cpðC
0, n,AÞ

� �
p¼1,10
¼ copenp ðC

0, n,AÞ
n o

p¼1,10

c
open
1 ¼ � 2a1 þ a4ð Þa4 k1 � k2ð Þ n � A � nð Þ � a21 k1 þ k2 � 2k2ðn � A � nÞ½ �

c
open
2 ¼ �a3 a3 þ 2a4ð Þ k1 � k2ð Þ n � A � nð Þ � a24 k1 þ k2 � 2k2ðn � A � nÞ½ �

c
open
3 ¼ �2 a1a3 þ a3a4 þ a24

� �
k1 � k2ð Þ n � A � nð Þ

� 2a1a4 k1 þ k2 � 2k2ðn � A � nÞ½ �

c
open
4 ¼ �2a22k2

c
open
5 ¼ �2a1a2 k1 þ k2ð Þ

c
open
6 ¼ �a22 k1 � k2 þ 2k2ðn � A � nÞ½ �

c
open
7 ¼ �2a2a4 k1 � k2ð Þ þ 4a1a2k2

c
open
8 ¼ �2a2a4 k1 þ k2ð Þ

c
open
9 ¼ �2a2a3 k1 � k2ð Þ þ 4a2a4k2

c
open
10 ¼ 4a22k2

ð25Þ

. if cracks are closed (gðE, n,AÞ � 0), cpðC
0, n,AÞ

� �
p¼1,10
¼ cclosp ðC

0, n,AÞ
n o

p¼1,10

cclos1 ¼ �
n � A � nð Þ 1� n � A � nð Þ½ �

k21 � k22
a4ðk1 � k2Þ � 2a1k2½ �



2a1k2 k1 þ k2 � 2k2ðn � A � nÞ½ �

þa4 k1 � k2ð Þ k1 þ k2 þ 2k2ðn � A � nÞ½ �

� �

cclos2 ¼ �
n � A � nð Þ 1� n � A � nð Þ½ �

k21 � k22
a3ðk1 � k2Þ � 2a4k2½ �



2a4k2 k1 þ k2 � 2k2ðn � A � nÞ½ �

þa3 k1 � k2ð Þ k1 þ k2 þ 2k2ðn � A � nÞ½ �

� �

cclos3 ¼
2 n � A � nð Þ 1� n � A � nð Þ½ �

k21 � k22




4a4k
2
2

a4ðk1 � k2Þðn � A � nÞ

þa1 k1 þ k2 � 2k2ðn � A � nÞ½ �

� �

þa3ðk1 � k2Þ
4a1k

2
2ðn � A � nÞ

�a4ðk1 � k2Þ k1 þ k2 þ 2k2ðn � A � nÞ½ �

� �
2
6664

3
7775
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cclos4 ¼
a22

k21 � k22

k31 � k1k2 k1 þ k2 � 2k1ðn � A � nÞ½ �

þk32 1þ 6ðn � A � nÞ � 8ðn � A � nÞ2

 �

" #

cclos5 ¼
2a2ðn � A � nÞ

k1 � k2

4a1k
2
2 1� n � A � nð Þ½ �

þa4ðk1 � k2Þ k1 � k2 þ 2k2ðn � A � nÞ½ �

� �

cclos6 ¼ �
a22

k21 � k22
k1 � k2 þ 2k2ðn � A � nÞ½ �


 k21 � k22 1þ 4ðn � A � nÞ � 4ðn � A � nÞ2

 �
 �

cclos7 ¼ �
2a2

k21 � k22

8a1k
3
2ðn � A � nÞ 1� n � A � nð Þ½ �

þa4ðk1 � k2Þ
k21 þ 2k1k2ðn � A � nÞ

�k22 1þ 2ðn � A � nÞ � 4ðn � A � nÞ2

 �

" #2
64

3
75

cclos8 ¼
2a2 ðn � A � nÞ

k1 � k2

4a4k
2
2 1� n � A � nð Þ½ �

þa3ðk1 � k2Þ k1 � k2 þ 2k2ðn � A � nÞ½ �

� �

cclos9 ¼ �
2a2

k21 � k22

8a4k
3
2ðn � A � nÞ 1� n � A � nð Þ½ �

þa3ðk1 � k2Þ
k21 þ 2k1k2ðn � A � nÞ

�k22 1þ 2ðn � A � nÞ � 4ðn � A � nÞ2

 �

" #2
64

3
75

cclos10 ¼ �
16k32a

2
2

k21 � k22
ðn � A � nÞ 1� n � A � nð Þ½ �

ð26Þ

with

k1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 þ a2 þ a3 þ 2a4

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 þ a2
p �

;K

k2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 þ a2 þ a3 þ 2a4

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 þ a2
p �

;K

K ¼
�

2
ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
a2
þ 1

a1þa4þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1þa2Þða1þa2þa3þ2a4Þ
p

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1 þ a2Þða1 þ a2 þ a3 þ 2a4Þ � ða1 þ a4Þ

2
q

ð27Þ

Coefficients �pðC
0, n,AÞ

� �
p¼1,4

entering the opening-closure characteristic function (8) are
given by

�1 ¼ a2ðk1 þ k2Þ

�2 ¼ a1 k1 þ k2 � 2k2ðn � A � nÞ½ � þ a4ðk1 � k2Þðn � A � nÞ

�3 ¼ a4 k1 þ k2 � 2k2ðn � A � nÞ½ � þ a3ðk1 � k2Þðn � A � nÞ

�4 ¼ �2a2k2

ð28Þ
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