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Abstract. A new micromechanical modelling approach for brittle damage in initially orthotropic 

materials is presented. The proposed strain-based energy formulation allows to derive a fully 

anisotropic multilinear model for microcracked materials with arbitrary oriented defects. The 

thermodynamics framework provides a standard procedure for the damage evolution law. The new 

model explicitly accounts for the interaction between primary and induced anisotropies. Moreover, 

the very challenging issue of opening-closure effects (unilateral behavior) is addressed in this 

framework.  

Introduction 

The mechanical behavior of several engineering materials is governed by microcracking. Main 

macroscopic consequences induced by these specific defects are elastic properties degradation, load-

induced anisotropy and microcracks opening-closure effects (also called unilateral effects), that 

have been put in evidence experimentally on different materials (see for instance [1-3] for 

composites, [4] for concretes or [5,6] for sedimentary rocks). 

 

For many applications (mechanics, aeronautics, geomechanics, etc), it is then required to model 

such degradation process to derive a reliable evaluation of industrial systems. Continuum Damage 

Mechanics offers an appropriate theoretical framework to account for the inelastic response 

associated to such features. Yet, some difficulties clearly arise in the brittle case. First, the 

simultaneous representation of induced anisotropy and unilateral effects often leads to 

inconsistencies in the models formulation (see discussions of [7-9] on the admissibility of 

constitutive laws). Moreover, the recovery phenomenon induced by the closure of microcracks 

generally lacks of experimental characterization. Finally, accounting for these phenomena in the 

context of initially anisotropic materials constitutes an even more challenging issue.  

 

Following fundamental idea developed for instance by [10,11], micromechanical approaches 

provide interesting solutions for these questions. We present in this paper a 2D approach recently 

developed in this sense by Goidescu et al. [12]. This model is based on the one hand on closed-form 

expressions of the overall free energy of microcracked orthotropic media established by means of an 

homogenization analysis [13]. Thermodynamical arguments, especially the standard framework, 

help to complete the damage evolution law of the formulation. After a brief recall of the general 

assumptions of the model, various illustrations are presented on several brittle materials. 
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General assumptions and state variables 

We consider here small strain, rate independent and isothermal conditions. Evolution by microcrack 

growth is assumed to be the only dissipative mechanism. Non interaction, dilute concentration and 

frictionless conditions are assumed for microcracks. 

 

Total strain tensor ε is chosen as the observable variable. In relation with the micromechanical 

basis [13] of this work, a discrete approach is considered for the damage description. The set of 

scalar variables Niid ,1)( ==d , with id  the microcrack density of the i
th

 microcrack system, is 

assumed to be the damage internal variable. Orientations in  (unit normal to the i
th

 system of parallel 

microcracks) are regularly distributed and number N of systems has to be defined according to the 

accuracy desired for the density description. It should be underlined that microcracks orientations 

are thus not restricted to initial structural axes. 

Thermodynamic potential 

We assume the existence of a thermodynamic potential W  (free energy), depending on the state 

variables ),( dε . 

 

In the virgin state, the material exhibits an elastic linear behavior with orthotropic symmetry 

defined by the orthonormal basis ),( 21 ee . In what follows, we denote by ),(0 AεW  the free energy 

of the material without damage, with second tensor 11 eeA ⊗=  accounting for initial anisotropy. 

 

Homogenization procedure used to derive the macroscopic free energy corresponding to 2D 

initially orthotropic materials weakened by arbitrarily oriented microcracks systems is fully 

described in [13]. It is important to note that such expression comes essentially from the application 

of the Hill lemma in the context of cracked bodies and the use of crack displacements expressions in 

the context of anisotropic elasticity. Accordingly, the general form of the thermodynamic potential 

is the following one: 
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where function h  specifies the nature of the energetic contribution of each microcracks system. 

First, it accounts for the unilateral behavior of microcracks by taking two different forms whether 

microcracks are open or closed: 
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in which function g  defines the opening-closure criterion for microcracks. Moreover, function h  

introduces various interaction modes between initial and induced anisotropies: 

),,(),(),(),,( 321 i

j

i

jj

i

j hhhh nAnAnA εεεε ++=  (3) 

for j={open, clos}; jh1  addresses isotropic-like damage effect that keeps the initial symmetry of the 

material, jh2  introduces weak-coupling with a directional dependence similar to the one derived in 

the isotropic context, whereas jh3  accounts for strong interaction between initial and damage 

induced anisotropies that may lead to a complex resulting elasticity. 
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It is to note that functions h  and g  depend only on the virgin elastic properties, so as 0W . 

Moreover, mathematical conditions are satisfied by the potential W , especially the objectivity 

(since h  and g  depend on trace invariants) and the continuity of class 1C  that ensures the existence 

and continuity of the stress-strain response 
ε

σ
∂
∂

=
W

 and of the scalar thermodynamic forces 

i

d

d

W
F i

∂
∂

−=  corresponding to damage variables. Moreover, micromechanics provides a physical 

justification to the representation of activation-deactivation effects, regarding both the complex 

recovery phenomenon occurring at the closure of defects and the opening-closure criterion that 

derives from the cancellation of the normal jump displacement of microcracks. 

Damage evolution law 

Orientations in  are fixed and systems of microcracks can only propagate along their respective 

own plane. Yet, note that a complex growth of the damage distribution can be taken into account by 

considering a sufficiently large number N of systems. 

 

In agreement with the assumption of dilute density, the damage evolution law has the same form 

for each system and is independent of others systems. The framework of generalized standard 

materials [14] is choosen to ensure the thermodynamical admissibility of the formulation. Assuming 

an adequate form of the pseudo-potential of dissipation, the normality rule provides the following 

damage criterion for the i
th

 system of microcracks (see details in [12,15]): 
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with ),(
0
ηk  two scalar coefficients of the material. Introducing the consistency condition, the 

evolution law reads then: 
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In the formulation, thermodynamic force id
F  is considered as the driving force of the damage 

process for the i
th

 system. According to the expression of the thermodynamic potential, the damage 

evolution thus depends on the opening and closure of microcracks and on the interaction between 

anisotropies. 

Applications 

In this section, we intend to briefly demonstrate some of the model capabilities. Several materials 

have been considered to show various potential uses of this formulation. 

 

First, Fig. 1 addresses the representation of elastic properties, through the distribution of the bulk 

modulus κ  for a carbon-epoxy composite [15]. At constant damage (fixed density variable d ), the 

model can thus account for the multilinear elasticity of brittle materials with degradation effects on 

elastic properties that depend on the status of microcracks (open or closed) and on their orientation 

regarding initial orthotropy. The axis case (when microcracks are aligned with one of the structural 

axis) leads to an orthotropic degradation of the bulk modulus, whether microcracks are open or 

closed (isotropic-like effect). Note in that particular case the total recovery of the bulk modulus 
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(whatever the space direction) due to the cubic symmetry of the studied composite. On the other 

hand, the off-axis case illustrates the very complex resulting anisotropy obtained for open and 

closed microcracks. For directions m  close to 1e  (respectively 2e ), the damage deactivation leads 

to a value of the bulk modulus )(mκ  higher (resp. smaller) than for the virgin state. Similar features 

have already been obtained in the case of isotropic media for the Poisson ratio (resp. Young 

modulus) [16], and highlight the complex influence of defects in directions different from their 

normal, which is furthermore combined here with the contribution of initial anisotropy. 

 

 

Axis case  

(damage along structural axis 
2

e ) 
Off-axis case 

 

 

 

Fig. 1. Roses of the generalized bulk modulus )(mκ  in the direction of unit vector m  for a carbon-

epoxy laminate weakened by a single array of microcracks of unit normal n  (dashed line 

corresponds to virgin state, thin line to the open status, bold line to the closed status). 

Second example aims at investigating some features of the model including the occurrence of 

dissipative process. The mechanical response of a ceramic composite (SiC-SiC) under uniaxial 

tension load followed by compression is given in Fig. 2. Axis and off-axis loads have been 

investigated. This shows first that the model is able to describe the specific dissymmetric behavior 

between tensile and compressive loads of brittle materials. The different opening-closure state 

between these two situations explains the differences in damage evolution and in the yield stress: all 

microcracks are open during tensile load and some of them (those whose orientations are close to 

axial direction y ) get closed during compression. Such a test highlights also the influence of 

unilateral effects in the present orthotropic context. As shown by the evolution of the axial Young 

modulus, damage does not evolve during the unloading ( )(yE  remains constant) and elastic 

properties recover to some extent their initial value (partial damage deactivation) when compressive 

load induces the closure of some microcracks. It should be noted that such jump in the stiffness 

remains compatible with the continuity of the stress-strain response.  
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Conclusion and perspectives 

The present complete constitutive model for 2D initially orthotropic materials offers very 

interesting perspectives for the representation of brittle damage. The rigorous mathematical and 

thermodynamical framework, associated with the physical justification provided by 

micromechanical considerations, appears as well founded. Some applications developed in this 

paper (see also [12,15]) illustrate capabilities of the model to account for complex interactions 

between primary anisotropy, induced anisotropy and unilateral effects. 

 

The open nature of the model should also be underlined. Many aspects could then be integrated  

to this basic formulation such as coupling with plastic behavior or interactions between defects. For 

instance, an extension to the case of sedimentary rocks including the dependency of the damage 

criterion on loading direction has been proposed by [17]. Future works will now focus on the 

integration of another dissipative mechanism, namely the friction of the closed microcracks lips. 

The knowledge of the status of each microcracks system, by means of the opening-closure criterion, 

constitutes an important advantage for such development. 

Axial stress-strain response 

 

 

 

 

 

 

 

 

 

 

Evolution of the axial Young  

modulus according to the axial 

stress 

 

 

 

 

 

 

 
 

Fig. 2. Uniaxial tension load followed by compression along unit axis y  on a ceramic composite 

(full line corresponds to axis load 
2

ey = , dashed line to an off-axis case). 
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